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Stability of a supersonic boundary layer over two-dimensional smooth humps with their heights consid-
erably smaller than the local boundary layer thickness is studied by using parabolized stability equations
(PSEs). Inﬂuence of humps on linear and non-linear evolution of ﬁrst mode oblique wave in Mach 1.6
boundary layers is investigated. Overall destabilization inﬂuence of the hump is conﬁrmed for both linear
and non-linear cases. For the case of linear stability, an overall effect of the hump on destabilization is
found to be similar to the case of subsonic boundary layer. However, in contrast to the subsonic case, con-
siderable increase of growth rates realized in the fore part of the hump is found to contribute signiﬁcantly
to the overall destabilization in supersonic boundary layer. Oblique breakdown is investigated for the
case of non-linear stability study. When compared to the case of ﬂat plate, all the characteristic stages
of the oblique breakdown are found to appear at a far more upstream position due to the hump. Results
of parametric studies to examine the effect of hump height, location, etc. on stability characteristics are
also given. Inﬂuence of dip instead of hump is also found to be very signiﬁcant.
 2013 Elsevier Ltd. Open access under CC BY-NC-ND license.1. Introduction
One important factor affecting boundary layer transition is a
surface roughness element. In practical aerodynamic conﬁgura-
tions, many types of roughness elements such as humps, waviness,
and rivets are often encountered. Since the stability and transition
of boundary layer are strongly inﬂuenced by surface roughness, the
effect of roughness has been studied for a long time. Some of ear-
lier experimental studies provided empirical criteria for transition
location with respect to several parameters [1]. Since several
experimental studies revealed that transition over roughness is
stability governed phenomena [2,3], the boundary layer stability
over roughness has received much research attention. The inﬂu-
ence of roughness on the boundary layer stability involved in a nat-
ural transition scenario was studied ﬁrst [4]. It is widely known
that the initial stage of natural transition process is linear modal
growth of instability waves introduced into boundary layer
through receptivity process [4]. Thus, theoretical studies have
investigated mainly the effect of roughness on the modal growth
of the instability waves [5–15].
Recent numerical studies have simulated the ﬂow around an
isolated or discrete roughness (three-dimensional) as brieﬂy de-
scribed in Choudhari et al. [16]. Evidences have been found to elu-
cidate that instability mechanisms other than the modal instabilitycan become signiﬁcant when roughness is involved. For example,
depending on the shape and size of roughness, absolute instability
related to vortex shedding and wake instability might be possible
mechanisms leading to transition [17]. Transient growth also has
been known to be a possible instability mechanism related to tran-
sition due to distributed roughness [18]. In the presence of rough-
ness elements, we thus see that various instability mechanisms
and complex interactions among those can usually be involved in
the transition process.
For modal growth of instability wave over a roughness element,
most of the previous theoretical studies were based on the linear
stability theory (LST) [19] and studies so far were limited to the
case of two-dimensional smooth roughness element. Many LST
studies including parametric study were carried out to investigate
the stability of boundary layer over a smooth hump and backward-
or forward-facing step [5–10]. The effects of hump height, length,
location, shape, unit Reynolds number, free-stream Mach number,
etc. on the predicted transition location based on eN criterion were
also evaluated [11,12]. Wie and Malik [13] and Gao et al. [14] car-
ried out PSE analysis which can account for ﬂow non-parallelism
and surface curvature to study the linear stability over surface
waviness and a smooth hump, respectively. Destabilizing effect
of roughness on the modal growth of the instability waves was
conﬁrmed. Wörner et al. [15] also conﬁrmed the destabilization ef-
fect by direct numerical simulation (DNS) analysis.
Most of the previous theoretical studies have dealt with the lin-
ear stability of subsonic boundary layer over a smooth roughness.
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have rarely been studied so far. Recently, present authors [20] the-
oretically investigated non-linear evolution of instability waves in
incompressible boundary layer over a smooth hump by using non-
linear parabolized stability equations (PSEs) analysis. Although lin-
ear and non-linear stability of boundary layer has been studied re-
cently by using DNS for simple conﬁgurations, investigations on
the non-linear stability of boundary layer over roughness by DNS
are rarely found within the framework of stability study.
In this study, linear and non-linear stability of supersonic
boundary layer over a roughness element is investigated based
on parabolized stability equations (PSEs) analysis. The inﬂuence
of roughness on the evolution of instability waves of discrete mode
is examined. To focus on convective instability only, a two-dimen-
sional smooth hump with its height smaller than the local bound-
ary layer thickness is chosen as roughness element. The PSE
methodology previously used in the study for incompressible
boundary layer [20] is extended to the present study of supersonic
boundary layer. Mean ﬂow data is obtained from the solution of
Parabolized Navier–Stokes (PNS) equations. Effect of hump on
the linear evolution of ﬁrst mode oblique wave is brieﬂy examined.
For the case of non-linear stability, oblique breakdown is investi-
gated by non-linear PSE. Inﬂuence of hump height and location is
discussed. Inﬂuence of dip instead of hump is also brieﬂy
examined.2. Method of analysis
Fig. 1 shows the schematic of the hump geometry used in the
present study. L⁄, b⁄ and h⁄ represent respectively the distance
from the leading edge of ﬂat plate to the location of the hump cen-
ter, half width, and height of the hump. The superscript ⁄ is used to
denote dimensional variables. The Reynolds number Re is deﬁned
as U1L
=m where U1 is the free-stream velocity.
The geometry of the hump is given by Eq. (1), which is the same
with that used in previous studies [5,11,20].
y ¼ y=L ¼ ðh=LÞf ðtÞ ¼ hf ðtÞ ð1Þ
where
t ¼ ðx  LÞ=b ¼ 2ðx 1Þ=bf ðtÞ ¼ ll1 3t
2 þ 2jtj3; if jtj 6 1
0; if jtj > 1
(
The 2-D mean ﬂow data of supersonic boundary layer over a
hump are obtained by solving PNS equations [21]. The accuracy
of PNS solution as basic ﬂow for linear stability analysis of axisym-Fig. 1. Schematic of hump geometry.metric ﬂows was veriﬁed by Hejranfar et al. [22]. The non-dimen-
sional governing equations for 2-D compressible ﬂow in
conservation-law form are written as
@~U
@t
þ @
@x
ð~Ei ~EvÞ þ @
@y
ð~Fi ~FvÞ ¼ 0 ð2Þ
where ~U is the ﬂow variable vector,~E and~F the ﬂux vector in x and y
direction, respectively. The subscripts i and v represent inviscid and
viscous ﬂux. Application of curvilinear computational coordinate
grid transformation and dropping the streamwise (n-direction)
derivatives of viscous terms yields PNS which can be compactly ex-
pressed as
@~U
@t
þ @
@n
ðEiÞ þ @
@g
ðFi  FvÞ ¼ 0 ð3Þ
where
Ei ¼ 1J ðnx
~Ei þ ny~FiÞ; Ev ¼ 0; Fi ¼
1
J
ðgx~Ei þ gy~FiÞ;
Fv ¼ 1J ðgx
~E0v þ gy~F 0vÞ
The primed terms in the above denote the terms in which
streamwise viscous terms are dropped. Details of the above equa-
tions are readily available in Refs. [21,23]. In this study, the time
iterative PNS (TIPNS) scheme of Tannehill et al. [21] is employed.
The Steger–Warming splitting scheme [24] is used to split the
streamwise ﬂux vector. No-slip and adiabatic wall boundary condi-
tion is speciﬁed.
A computer code for PNS solution for both 2-D and axisymmet-
ric ﬂows was made and was validated through several typical axi-
symmetric ﬂow cases given in Refs. [21,23]. Since the iterative PNS
scheme has been proved to capture the upstream inﬂuence and
inviscid–viscous interaction properly, we believe that the bound-
ary layer over a smooth hump with small height can be computed
with sufﬁcient accuracy by the PNS scheme. The similarity solution
of compressible boundary layer equation is imposed as inﬂow con-
dition at far upstream of the hump for PNS marching. The similar-
ity solution was obtained from the boundary layer code which is
4th order accurate in surface normal direction following the work
of Iyer [25].
As is well known, PSE can take into account the ﬂow non-paral-
lelism and curvature effect. The PSE approach is computationally
more efﬁcient than DNS and requires even less computational time
than LST since it performs the stability analysis by downstream
marching from the initial condition. Further, it also enables us to
carry out non-linear stability study. The PSE has widely been used
to study linear and non-linear stability of subsonic and supersonic
boundary layers over simple geometries. The PSE formulation and
solution technique can be found in many Refs. [26–28].
The PSE method of the present study is the same with that of
our previous work for incompressible boundary layers over a hump
[20]. For brevity, we only give ﬁnal form of the equations and more
details on formulation is referred to Ref. [20]. The PSE can com-
pactly be written as follows:
D^mnwmn þ A^mn
@wmn
@x1
þ B^mn @wmn
@x2
¼ V^22;mn @
2wmn
@x22
þ Fmn
Amn
ð4Þ
where
D^mn ¼ ixCþ iamnAþ inbC þ Dþ a2mnV11 þ n2b2V33 þ namnbV31
 i damn
dx1
V11
A^mn ¼ A i2amnV11  inbV31 B^mn ¼ B iamnV12  inbV23
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Z x1
x1;0
amnðx1Þdx1
" #
Fnðx1; x2; x3; tÞ ¼
XM
m¼M
XN
n¼N
Fmnðx1; x2Þeiðnbx3mxtÞ
Here, b andx are fundamental spanwise wave number and fun-
damental frequency of disturbance, respectively. The subscripts m
and n represent the temporal and spanwise mode number of dis-
turbance, respectively. M and N are the number modes kept in
the truncated Fourier series for disturbance. The variable amn is
the streamwise wave number for mode (m, n). The shape function,
wmn ¼ p^mn; u^mn; m^mn; w^mn; bTmn T represents complex amplitude for
mode (m, n). Matrices with over-bar in Eq. (4) are of size 5  5
whose elements correspond to linear part of disturbance equations
that are composed of mean ﬂow data and ﬂuid properties. Fn rep-
resents the sum of all non-linear terms in the disturbance equa-
tions and Fmn represents the Fourier components of Fn. The x1, x2,
and x3 are streamwise, outward from solid surface, and spanwise
direction coordinates of generalized coordinate system,
respectively.
For discrete modes, Eq. (4) is subjected to Dirichlet boundary
condition that the velocity and temperature disturbances vanish
at both the solid surface and free-stream boundary except for
mean ﬂow distortion (MFD), i.e. mode (0,0). For MFD, Neumann
boundary condition for transverse velocity component is used at
free-stream boundary to take into account the change of displace-
ment thickness due to non-linear interaction.
An additional condition, known as the normalization condition,
is imposed to determine the unique combination of amn and wmn
which satisfy the basic assumptions of PSE. For this, marching pro-
cedure of PSE involves an iteration procedure to update a at each
streamwise location. In this study, a is updated based on inte-
grated disturbance kinetic energy as given in [27,28].
To solve linear and non-linear PSE numerically, computational
grid transformation is introduced. Fourth-order central differenc-
ing scheme is used for all the derivatives except for the streamwise
derivative of shape function for which second order backward dif-
ference scheme is adopted. To efﬁciently alleviate the numerical
instability caused by the weak ellipticity of PSE [29], we follow
Chang et al. [27] and Chang [28] which suppress the term corre-
sponding to the streamwise derivative of pressure shape function,
i.e., @p^=@x1 by weighting the factor in terms of local Mach number.
The non-linear terms for non-linear stability are simply treated
explicitly as source term. At each iteration, the non-linear termFig. 2. (a) Typical skin friction coefﬁcient curves and (b) streFn is evaluated in the physical space and is then transformed back
into spectral domain by using two dimensional FFT to extract Fmn.
For the mean ﬂow which is uniform in spanwise direction, the
mode symmetry condition can be derived frommathematical char-
acteristics of PSE. This mode symmetry condition results in the
reduction of computational cost and memory size since only the
quarter of the modes are needed to be kept and analyzed.
To initiate the marching procedure, initial condition which sat-
isﬁes locally the stability equation is needed. The initial condition
is obtained by solving the eigenvalue problemwhich is almost sim-
ilar but not identical to LST due to the inclusion of non-parallel
terms in the formulation. Since the spatial stability is concerned
in the present study, the non-linear eigenvalue problem for the ini-
tial condition is formulated and is solved as described in [30].
We note here that PSE is based on the inherent assumption of
slow variation in streamwise direction. To ensure, in the present
study, slow variation in streamwise direction as much as possible,
we consider cases of smooth hump with very small height to width
ratio (e.g. h/b = 0.02) and whose height is much smaller than the
local boundary layer thickness.
3. Results and discussion
In the present study, Mach 1.6 boundary layer (Me = 1.6) of
the free-stream unit Reynolds number of 107/m with free-stream
temperature of 300 K is considered. For both mean ﬂow and sta-
bility calculation, Prandtl number and ratio of speciﬁc heats are
ﬁxed at Pr = 0.72 and c = 1.4. Two-dimensional smooth humps
with rather small height are chosen as roughness element so
that no large separation and associated ﬂow unsteadiness are
involved.
3.1. Mean ﬂow data
As mentioned above, the mean ﬂow data for stability analysis is
obtained from the solution of PNS equations. Since we employ gen-
eral coordinate system, there is no restriction on the orthogonality
of the coordinate system for both PNS calculation and PSE analysis.
The x2 coordinate is in the same direction with that of y coordinate
of Cartesian system.
Fig. 2a shows several skin friction coefﬁcient curves from PNS
solutions for Mach 1.6 boundary layer for various hump heights.
The location of hump center is at L⁄ = 0.1 m corresponding to the
Reynolds number 106 based on L⁄ and the hump width is ﬁxed at
b⁄/L⁄ = 0.1. The streamwise extent of computational domain isamwise velocity and temperature proﬁles at h/b = 0.02.
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are at 7b⁄ and 23b⁄ away from the hump center, respectively
(0.03 m 6 x⁄ 6 0.33 m). The height of the computational domain
is set to be 600 times the boundary layer length scale (d⁄) at
x⁄ = 0.05 m. Similarity solution of ﬂat plate boundary layer at the
inﬂow boundary is used as inﬂow condition. For computed results
shown in Fig. 2 and 1501 grid points with uniform spacing
(Dx⁄ = 0.002L⁄) in the streamwise direction with 100 grid points
over the hump region and 401 grid points in the y-direction with
clustering near the surface was used which yielded accurate en-
ough mean ﬂow data.
We see from Fig. 2a that the skin friction around the hump is
considerably deviated from that over a ﬂat plate as expected. The
skin friction decreases and rises sharply over a fore part of the
hump region. It then decreases around the hump center and in-
creases again to asymptotically reach the value of the ﬂat plate
boundary layer. As the hump height increases, the deviation of skin
friction from that of ﬂat-plate boundary layer naturally becomes
greater. In contrast to subsonic cases [5,20,31], we note that the
lowest value of the skin friction appears at the upstream of the
hump center in supersonic case. This means that a separation
would ﬁrst occur at a location upstream of hump center if the
height increases. The boundary layer over the hump becomes
incipient to separation at around h/b = 0.03 in the present ﬂow
condition. We comment here that the peak deviation of skin fric-
tion from that of the ﬂat plate in the downstream region of the
hump was smaller in this supersonic case than in subsonic ﬂow
cases of previous studies. The reason for this discrepancy can be
easily explained. In the supersonic ﬂow case, the ﬂow becomes
compressed as the hump center is approached while the ﬂow ex-
pands beyond the hump center. This expansion accelerates the
ﬂow in the downstream of the hump resulting in the increase of
skin friction coefﬁcient.
The streamwise velocity and temperature proﬁles around a
hump with h/b = 0.02 case are illustrated in Fig. 2b. Although the
general tendency of the velocity proﬁle change looks similar to that
in subsonic cases, a difference in tendency for supersonic case
should be noted. As can be identiﬁed from Fig. 2a, streamwise
velocity proﬁle is likely to change into the inﬂectional type proﬁle
ahead of the hump for supersonic case, which is of course due to
the adverse pressure gradient in this region. Then, the velocity pro-
ﬁle becomes fuller as the center of the hump is approached and
again the proﬁle becomes less full after passing the center. Beyond
the hump region, the velocity proﬁle eventually adapts to the ﬂat
plate proﬁle.Fig. 3. (a) Growth rate and (b) N-factor c3.2. Linear stability
The reference length scale in the stability analysis is a boundary
layer length scale d⁄which is deﬁned as d ¼ x= ﬃﬃﬃﬃﬃﬃﬃﬃﬃRexp . The Reynolds
number based on this length scale, R, is deﬁned as R ¼ U1d=
m ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃRexp . The non-dimensional frequency F is deﬁned by
F ¼ 2pf
me
ðUeÞ2
 106 ð5Þ
The present PSE code is ﬁrst validated for stability analysis for
supersonic ﬂat plate boundary layers. Following the calculations
of Chang et al. [27], linear PSE analyses were carried out for
F = 112 and 220 disturbance at Me = 1.6 and 4.5 boundary layer,
respectively. For non-linear cases, oblique breakdown for Me = 2
and non-linear evolution of Mack’s second mode for Me = 4.5
boundary layer were carried out as in Chang [28]. All the results
obtained showed very good agreement with the reference data to
ensure the accuracy of the present code.
For the stability calculation of the present study, the grid dis-
tribution in y-direction is chosen differently from that for the
mean ﬂow calculation. The mean ﬂow data at stability grid
points were obtained by interpolation of those from the PNS cal-
culation illustrated in Fig. 2. Test calculations were carried out
with various grid distributions for stability analysis with the
same mean ﬂow data to conﬁrm that the interpolation of the
mean ﬂow data does not affect the stability results. Through this
test calculations, we chose 201 grid points within 200d⁄ or 250d⁄
in x2-direction with clustering near the solid boundary for stabil-
ity analysis.
We now present the results of PSE analyses for the linear evolu-
tion of instability waves in Me = 1.6 boundary layer over the hump
located at L⁄ = 0.1 m with b⁄/L⁄ = 0.1 and h⁄/b⁄ = 0.02. The hump
height is approximately 34.2% of the local ﬂat plate boundary layer
thickness at L⁄ = 0.1 m ðd99  0:000585 mÞ. The locations of the
start, the center, and the end of the hump correspond to
R  948.7, R = 1000, and R  1048.8, respectively. It is well-known
from LST that the oblique wave is more unstable than 2-D wave
having the same frequency for supersonic boundary layers of edge
Mach number less than about 4. Fig. 3a shows the growth rate
curve of the oblique wave with F = 20 and b/R  104 = 0.83 together
with the curve for the ﬂat plate case. The neutral point of lower
branch is at around R = 670. Throughout the present study, growth
rates (r) are based on integrated disturbance kinetic energy which
is deﬁned byurves for F = 20 and b/R  104 = 0.83.
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R1
0
q u^y @u^
@x1
þ v^y @v^
@x1
þ w^y @w^
@x1
 
dx2R1
0 u^
yu^þ v^yv^ þ w^yw^ð Þdx2
24 35 ð6Þ
where superscript  denotes complex conjugate.
We see from Fig. 3a that the growth rate over a hump deviates
very much, as expected, from that of the ﬂat plate case. The insta-
bility wave undergoes abrupt destabilization, stabilization, and
destabilization as it passes the hump. It can be inferred from the
skin friction curves and velocity proﬁles shown in Fig. 2a and b that
the steep change of growth rate is a direct reﬂection of the mean
ﬂow modiﬁcation owing to the hump. The largest destabilization
is seen to occur at upstream of the hump center followed by a sta-
bilized region around the hump center and then milder destabi-
lized region follows. We comment here, for subsonic cases, that
the strongest destabilization was observed in the downstream re-
gion of the hump center [20]. Thus, one of the major differences be-
tween supersonic and subsonic cases would be the location of the
strongest destabilization. The greatest destabilization in the region
upstream of the hump center is consistent with occurrence of the
smallest skin friction associated with inﬂectional velocity proﬁle as
illustrated in Fig. 2a and b. The transient behavior is a well-known
inherent characteristic of PSE analysis. This refers to an abrupt var-
iation of stability property over a short streamwise distance
reﬂecting a critical change of the mean ﬂow. The transient behavior
of PSE solution represented by the wiggling of the growth rate
curve was discussed in our previous work [20] on stability study
over a hump in subsonic ﬂow case. The wiggling in the growth rate
curve of Fig. 2a also represents the consequence of this transient
behavior. We comment here that, as given in [20], overall destabi-
lization of disturbance amplitude of linear evolution obtained from
PSE analysis for a smooth hump in incompressible boundary layer
case was in good agreement with DNS result [32] for an elliptic
hump having the same height to width ratio with studied smooth
hump.
N-factor which represents logarithmic measure of ampliﬁcation
was computed by integrating growth rates along streamwise coor-
dinate and is plotted in Fig. 3b. We easily see that overall effect of
hump is destabilization of instability waves as expected. Fig. 3
indicates that major contribution to overall destabilization origi-
nates in the region upstream of the hump center. In contrast to
incompressible ﬂow cases the destabilization effect in the region
beyond the hump center is rather weak in supersonic case.
Fig. 4a shows N-factor curves of the oblique wave of F = 20 and
b/R  104 = 0.83 for the cases of several hump heights with loca-
tion and width ﬁxed (L⁄ = 0.1 m and b⁄/L⁄ = 0.1). Hump heights in
terms of boundary layer thickness are 17.1%, 34.2%, 51.3%, andFig. 4. N-factor curves for (a) several hump68.4% for h/b = 0.01, 0.02, 0.03, and 0.04, respectively. We obvi-
ously see that overall destabilization increases with hump height
as expected. The similar behavior was observed in the previous
studies for incompressible cases [5,11,20]. We note that the maxi-
mum N value is not linearly proportional to the hump height. Since
the mean ﬂow modiﬁcation becomes greater with hump height,
we easily conjecture that the mean ﬂow modiﬁcation might have
contributed a lot to result in larger growth rate.
Fig. 4b compares N-factor curves for the cases of several stream-
wise hump locations of a ﬁxed conﬁguration (b⁄ = 0.01 m and h⁄/
b⁄ = 0.02). Hump locations of L⁄ = 0.1, 0.125, 0.15, 0.175, and
0.2 m correspond to R  1000, 1118, 1225, 1323, and 1414, respec-
tively. At these locations, the hump height in terms of boundary
layer thickness varies as 34.2%, 30.6%, 27.9%, 25.8%, and 24.2%. This
may suggest that the destabilization due to hump is likely to be-
come weaker as the hump location moves downstream. However,
we ﬁnd from Fig. 4b that N-factor curves show almost the same
overall destabilization effect for the cases of hump locations up
to L⁄ = 0.175 m. The overall destabilization is seen to decrease be-
yond L⁄ = 0.2 m. A closer look on the curves conﬁrms us that the
maximum value of N does not monotonically decrease with hump
location. We see that the maximum values of N are almost the
same when 0.125 m 6 L⁄ 6 0.175 m. In fact, the maximum values
for L⁄ = 0.125, 0.150, and 0.175 m cases were found to be 4.475,
4.497, and 4.476, respectively. Although the differences are very
small, the highest N value is obtained for the case of L⁄ = 0.15 m
(R  1225). The location of R  1225 corresponds to the location
of maximum growth rate for the ﬂat plate case (see Fig. 3a). This
implies that the overall destabilization due to hump depends not
only on the degree of mean ﬂow modiﬁcation but also on the rel-
ative location of the hump with respect to unstable region of the
instability wave of the ﬂat plate case. To examine this further,
we carried out additional calculations for the cases of various
hump height that gives the same ratio of the hump height to
boundary layer thickness at several streamwise locations of
Fig. 4b. We found that overall destabilization was most pro-
nounced for the case of hump at L⁄ = 0.15 m. Thus, we conjecture
that the largest linear overall destabilization is expected for the
hump located at around the most unstable region of the instability
wave for the ﬂat plate case. Recalling that the unstable region of an
instability wave varies with the wave frequency, we conjecture
that the hump location of the largest destabilization should also
depend on the wave frequency.
When compared to the incompressible case [20], we found that
overall destabilization effect in terms of N-factor was reduced a bit
in supersonic case for the same ratio of the hump height to bound-
ary layer thickness.heights and (b) several hump locations.
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The oblique transition [33–36] in a supersonic boundary layer
has gained much attention since oblique wave is most unstable
in supersonic boundary layers. As is well accepted, the oblique
breakdown results from non-linear interaction of a pair of oblique
waves. Previous studies have conﬁrmed that results from non-lin-
ear PSE analysis for oblique breakdown process are in very good
agreement with those of DNS up to the region ahead of ﬁnal break-
down stage [33,36]. Previous studies have carried out PSE analysis
for oblique breakdown mainly for ﬂat plate boundary layer case. In
this study, PSE analyses are done to evaluate the inﬂuence of hump
on oblique breakdown process. A pair of oblique waves obtained
from local stability analysis is prescribed as initial condition in
the region upstream of hump. Non-linear evolution initiated by
the oblique waves is analyzed by non-linear PSE analysis. Through-
out the present study, ﬁve modes are kept in the analysis for both
temporal mode and spanwise spatial mode (M = 5, N = 5).
A pair of oblique wave with F = 20 and b/R  104 = ±0.83 is im-
posed at R = 751 as fundamental mode (1,±1) with the maximum
rms amplitude of A0 = 0.1%. The case of the hump located at
L⁄ = 0.1 m (R = 1000) with b⁄/L⁄ = 0.1, and h⁄/b⁄ = 0.02 is considered
ﬁrst. Fig. 5a shows the evolution of maximum amplitude of u-
velocity disturbances. Amplitudes of several modes are plotted
again in Fig. 5b together with those for a ﬂat plate case. The vertical
dashed lines indicate the start and end location of the hump geom-
etry. The results for the ﬂat plate case exhibit typical characteris-
tics of oblique breakdown process as already observed in
previous studies [35,36].
We see from Fig. 5a and b that (0,2) mode is highly ampliﬁed
while the fundamental mode almost follows the linear evolution.
The (0,2) mode represents the stationary mode whose spanwise
wave length is half of that of the fundamental mode. It is generated
via non-linear interaction of the fundamental mode. As well known
from previous studies for boundary layer and plane channel cases,
this mode corresponds to the streamwise vortices and streamwise
streaks. The amplitude of this mode overtakes that of the funda-
mental mode and becomes the mode of the highest amplitude. In
addition to (0,2) mode, other modes such as mean ﬂow distortion
(MFD) [(0,0)] and (2,2) modes are also highly ampliﬁed. We see
that all modes are largely ampliﬁed further downstream which
may eventually result in breakdown. PSE calculation no longer
works to get converged solution and calculation terminates at
R = 1425 and R = 1489 for the hump and the ﬂat plate case, respec-
tively. It was observed that the present non-linear PSE marching
could not proceed further when the largest amplitude reached
around 10%. Keeping only a ﬁnite number of Fourier modes mightFig. 5. Maximum amplitudes of u-velocity for (anot be sufﬁcient to deal with the situation where all modes are lar-
gely ampliﬁed. Although numerical failure does not directly imply
the breakdown stage, it can be regarded as a good indicator of a
beginning of breakdown process.
Fig. 5b illustrates that disturbance amplitudes in the hump case
start to deviate from those for a ﬂat plate case from the beginning
of the hump region. Naturally, amplitudes of all the modes gain
higher magnitude beyond the hump. From Fig. 5b, the streamwise
location at which mode (0,2) is seen to exceed fundamental mode
amplitude moves upstream by DR  40 (from R  1365 to
R  1325) when the hump is present. The amplitude of mode
(0,2) reaches 8% at R  1411 which is at upstream of the corre-
sponding location for the ﬂat plate case (R  1478). Results of
Fig. 5a and b indicates clearly that the hump accelerates oblique
breakdown process.
Fig. 6 compares contours of instantaneous u-velocity and the
disturbance u0 in (x1, x3)-plane at x2 ¼ 2:28d for the cases of ﬂat
plate with and without hump. The Reynolds number coordinate
(R) is given additionally to enable easier comparison with Fig. 5.
The x3-coordinate of the ﬁgure, enlarged much for better illustra-
tion, covers three-spanwise wave length of fundamental mode,
3kz (kz = 2p/b  100.8). The coordinates (x1, x3) are non-dimension-
alized by the boundary layer length scale at initial location
ðd0 ¼ d at R ¼ 751Þ. The locations of the beginning and the end
of the hump correspond to x1  1198.4 and 1464.7, respectively.
Typical characteristics found by Chang and Malik [36] are con-
ﬁrmed in the present result for the ﬂat plate case. In the starting
region, we clearly see a pattern resembling checker board due to
a pair of oblique waves. Streamwise streaks are then formed and
become dominant as the waves proceed downstream. Further
downstream, a more complex structure emerges due to ampliﬁca-
tions of higher modes. We see that the streaky structure contains
two fast and two slow velocity regions appearing alternatively
within one spanwise wave length of the fundamental mode. We
have conﬁrmed that contours of the stationary modes (time-inde-
pendent) alone almost coincide with those of all the stationary and
non-stationary modes plotted together. This implies that the sta-
tionary modes govern the streaky structure. These observations
suggest that the streaky structure is a typical characteristic of
(0,2) mode. This agrees with the dominance of (0,2) mode over
the other modes shown in Fig. 5.
We readily observe that the location of emergence of stream-
wise streaks shifts upstream owing to the hump. In (x1, x3)-plane
at x2 ¼ 2:28d, the checker board pattern due to disturbances is
hardly discernible in the region of the hump since variation of
mean ﬂow is much larger than that of the disturbances. Fig. 6b
shows contours of disturbance only to present deviation from the) all Fourier modes and (b) several modes.
Fig. 6. Contours of instantaneous (a) u-velocity and (b) u0 disturbance in (x1, x3)-plane at x2 ¼ 2:28d .
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indicate the start and end location of the hump. As already ob-
served from Fig. 5, comparison of both cases clearly illustrates
the overall enhancement of disturbance ﬁeld due to the hump.
Fig. 7 shows the spanwise vorticity contours in the valley plane
(z = x3 = 0). For better illustration, y-coordinate is substantially
magniﬁed in the ﬁgure. The contour lines represent 81 levels be-
tween the magnitude of spanwise vorticity 0.01 and 0.4. For the
case of ﬂat plate, spanwise vorticity contour exhibits the typical
pattern of oblique breakdown as observed in Chang and Malik[35]. Large spanwise vorticity of mean ﬂow is seen to be concen-
trated around the hump, which indicates clearly that the develop-
ment of spanwise vorticity is also enhanced much by the hump.
We also see that the location of the same level of vorticity magni-
tude shifts upstream. Although not shown here, from streamwise
vorticity contour and velocity contour in (x2, x3)-plane, we also
found that (0,2) mode represents not only the streamwise streaks
but also counter-rotating streamwise vortices. The streamwise
vortices were seen to become strengthened and moved away from
the surface with downstream distance.
Fig. 7. Spanwise vorticity contours at valley plane.
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MFD for several hump heights (L⁄ = 0.1 m, b⁄/L⁄ = 0.1). We see from
Fig. 8a that the inﬂuence of height on oblique breakdown process is
similar to that for linear evolution of instability wave. Overall
ampliﬁcation of Fourier modes becomes higher with the hump
height. The ampliﬁcation rate beyond the hump region also ap-
pears to increase with height. It is easily expected that larger hump
height will lead to earlier breakdown. The amplitude curves for
several hump locations are plotted in Fig. 8b. The width and height
of the hump were ﬁxed at b⁄ = 0.01 m and h⁄/b⁄ = 0.02. We see from
the ﬁgure that the total ampliﬁcation in the oblique breakdown
process monotonically decreases with downstream shifting of the
hump location. This is different from the case of linear evolution
in the preceding section. For linear cases, we have seen that almost
the same level of overall ampliﬁcation was reached when the
hump was located within the unstable region of the ﬂat plate
and the hump location for the largest ampliﬁcation was located
at the middle of the unstable region. For the cases of oblique break-
down, in contrast to this, hump located upstream leads to earlier
ampliﬁcation of Fourier modes to induce non-linear interaction.
It is easy to see from Fig. 8b that the streamwise extent of non-lin-
ear interaction after additional ampliﬁcation due to the hump be-
comes greater as the hump moves upstream. Thus, we can inferFig. 8. Maximum amplitudes of (1,1), (0,2) mode and Mthat the earlier start of non-linear interaction of the ampliﬁed
modes results in larger overall ampliﬁcation.
Effect of initial amplitude of fundamental wave was also exam-
ined. For the case of L⁄ = 0.1 m, b⁄/L⁄ = 0.1, and h/b = 0.02, the calcu-
lations for three different initial amplitudes of 0.05%, 0.1%, and 0.2%
were carried out. All the amplitudes turned out to increase in pro-
portional to the initial amplitude of the fundamental wave. Ampli-
ﬁcation rate beyond the hump region remained almost the same
regardless of the initial amplitude.
3.4. Inﬂuence of dip
We brieﬂy evaluate the inﬂuence of dip on the linear evolution
and oblique breakdown. Fig. 9a and b shows respectively the N-fac-
tor curve and the amplitude evolution. The geometry of the dip is
the same with the hump upside down. Thus the depth for the case
of Fig. 9 is h/b = 0.02 (L⁄ = 0.1 m and b⁄/L⁄ = 0.1). The frequency
and spanwise wave number were also set to be the same with
those of the hump case. The results for cases of the hump and
the ﬂat plate are plotted together. We see from Fig. 9a and b that
stabilization appears ﬁrst and then destabilization follows for the
case of the dip. The overall destabilization effect is seen to be
slightly more pronounced for the case of the dip. Results forFD for several hump (a) heights and (b) locations.
Fig. 9. (a) N-factor curve for linear evolution and (b) maximum disturbance amplitudes for oblique breakdown over a dip.
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suggests that the dip can also be a dangerous roughness element in
the evolution of instability waves in supersonic boundary layers.
4. Concluding remarks
The inﬂuence of humps on linear and non-linear instability of a
supersonic boundary layer at free-stream Mach number of 1.6 was
studied within the framework of PSE analysis. A two-dimensional
smooth hump with a height considerably smaller than the bound-
ary layer thickness was considered.
For the case of linear stability, analyses were carried out for the
linear evolution of ﬁrst mode oblique wave. The wave experiences
a sequence of destabilization and stabilization as it passes over the
hump. An overall effect of the hump on destabilization was similar
to the case of subsonic boundary layer. Major difference was in the
location where the largest destabilization occurs. In contrast to the
subsonic case, considerable increase of growth rates in the fore
part of the hump contributed most to the overall destabilization
in supersonic boundary layer. The overall destabilization was
found to increase non-linearly with the hump height. For a ﬁxed
hump height, the overall destabilization effect due to hump loca-
tion appeared to be almost the same if the hump is located within
the unstable region of the instability wave over a ﬂat plate.
Although the differences were small, the largest overall destabili-
zation was achieved when the hump was located at the position
of the maximum growth rate for the ﬂat plate case. This suggests
that relative position of the hump and the unstable region of the
given instability wave also affects degree of overall destabilization
for the case of linear stability.
For the case of non-linear stability, oblique breakdown was
investigated. A pair of ﬁrst mode oblique wave was imposed at an
upstream position of the hump with speciﬁed initial amplitude. All
the Fourier modes involving the oblique breakdown process were
found to be destabilized and attained higher amplitude due to the
presence of the hump. When compared to the case of ﬂat plate, all
the characteristic stages of the obliquebreakdownwere found to ap-
pear at a more upstream position. Overall ampliﬁcation of Fourier
modes becomes greaterwith the humpheight. As for the hump loca-
tions considered (located within the unstable region of ﬂat plate),
the overall destabilization of Fourier modes was found tomonoton-
ically decrease as the hump position moved downstream.
Inﬂuence of dip was also brieﬂy investigated. Effects of the dip
on overall destabilization were almost the same with those of the
hump for both cases of linear and non-linear stability. The destabi-
lization effect was slightly more intense for the case of the dip.Acknowledgement
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